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Abstract. The aim of this work is to find a simple mathematical frame-
work for our established description of particle physics. We demonstrate
that the particular gauge structure, group representations and charge
assignments of the Standard Model particles are all captured by the al-
gebra M(8,C) of complex 8×8 matrices. This algebra is well motivated
by its close relation to the normed division algebra of octonions. (Anti-
)particle states are identified with basis elements of the vector space
M(8,C). Gauge transformations are simply described by the algebra
acting on itself. Our result shows that all particles and gauge structures
of the Standard Model are contained in the tensor product of all four
normed division algebras, with the quaternions providing the Lorentz
representations. Interestingly, the space M(8,C) contains two additional
elements independent of the Standard Model particles, hinting at a min-
imal amount of new physics.
Mathematics Subject Classification (2010). Primary 17A35, 81T99; Sec-
ondary 15A66.
Keywords. Standard Model, Unification, Division algebra, Gauge struc-
ture.
1. Introduction
1.1. Motivation
The Standard Model of Particle Physics is our well-established theory for
elementary particles and their fundamental interactions. It has been experi-
mentally tested to a high precision and its last missing ingredient, the Higgs
boson, was detected in 2012 [1, 2]. While the establishment of this model
has undoubtedly been one of the greatest achievements in fundamental sci-
ence, the origin of its particular structure for particles and their interactions
remains mysterious.
The Standard Model is a quantum field theory invariant under the gauge
group GSM = SU(3) × SU(2) × UY (1). In addition to the 12 gauge bosons,
it contains 3 generations of fermions and the complex Higgs scalar which all
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transform in certain representations of the gauge group. More precisely, each
generation of fermions appears in 1 (quark) triplet and 1 (lepton) singlet
of SU(3). All fermions come in pairs where for left-handed fermions and
the SU(3) singlet Higgs these pairs are in a doublet of SU(2). Additionally,
fermions possess independent antiparticles. In total, this adds up to 12+2 ·2 ·
(3 · (3 + 1)) + 2 = 62 particle and anti-particle types in the Standard Model.
Except for the gauge bosons, nearly all particles carry UY (1) hyper-
charges whose values are (almost) fixed by gauge anomaly cancellation [3, 4,
5]. Apart from this consistency requirement, the particular gauge structure,
particle content and charge assignments do not possess a fundamental moti-
vation and their origin remains unexplained within the Standard Model. To
many theoretical physicists such an ad-hoc choice made by Nature appears
unsatisfactory and has inspired the search for unifying structures that could
be underlying our particle physics model and explain (part of) its content.
Particularly popular examples are the so-called Grand Unified Theo-
ries (GUTs), which are further motivated by gauge coupling unification at
high energies [6, 7, 8]. The original proposal by Georgi and Glashow dates
back to 1974 and is based on SU(5) which contains the Standard Model
gauge group GSM as a subgroup [6]. This setup introduces a few additional
fields but it cannot explain the origin of 3 generations of fermions. Moreover,
unfortunately, the minimal realization of this neat proposal is ruled out by
experimental limits on proton decay [9].
The gauge-mediated proton decay is avoided in the Pati-Salam model
based on the gauge group SU(4) × SU(2) × SU(2) [10]. This setup itself
does not deliver a genuine unification but it can be embedded into the larger
group Spin(10),1 which provides another well-studied GUT [11]. A particu-
larly nice feature of Spin(10) is that its 16 dimensional spinor representation
can exactly incorporate one generation of the Standard Model fermions (in-
cluding the unobserved right-handed neutrino). However, this comes at a
price: spontaneously breaking the gauge symmetry down to GSM requires a
Higgs sector with representations of large dimensions. As a consequence, al-
ready the minimal model contains more than 100 new fields. This means that
the number of particles is more than doubled with respect to the Standard
Model. Moreover, requiring the presence of the Standard Model Higgs field
again induces proton decay mediated by additional components in the cor-
responding Spin(10) representation [12, 13, 14]. Another deficiency is that,
just like the Georgi-Glashow model, the Spin(10) model cannot explain why
there are 3 generations of fermions.
Distinct from GUTs, noncommutative geometry is another approach at
unification of the particle content of the Standard Model, [15, 16, 17, 18].
Noncommutative geometry joins together gauge and spatial representations,
with a finite dimensional space describing gauge representations joined to an
infinite-dimensional Hilbert space. This approach has nice features such as
1This GUT is often referred to as “SO(10)” by physicists. However, the Lie group used in
the model is indeed Spin(10), the double cover of SO(10).
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being able to derive all bosonic particles as fluctuations of the inverse line
element, with gravity being ”external fluctuations” and the gauge and Higgs
bosons being the ”internal fluctuations”. This approach also does not present
a way in which to naturally obtain three generations of fermions. We refer
the interested reader to the above-cited works.
This paper considers instead a shift of paradigm, building on the ideas
in recent works of C. Furey [19, 20, 21, 22, 23]. This programme extends
earlier proposals in the literature [24, 25, 26, 27, 28, 29, 30, 31] and its main
idea is the following. Instead of embedding GSM into a larger gauge group,
like in GUTs, we focus on very fundamental mathematical structures, called
normed division algebras. Roughly speaking, such an algebra is characterized
by allowing for the operations of addition, subtraction, multiplication and
division of its elements. There exist only 4 normed division algebras over
the real numbers: the real numbers R themselves, the complex numbers C,
the quaternions H and the octonions O. Furey has put forward arguments
supporting the intriguing idea that this small set of division algebras may
contain the entire Standard Model, including its gauge structure, particle
content, charge assignments, and even its Lorentz representations.
A closer inspection of the division algebras and their interplay with
particle physics is fundamentally motivated by the fact that R, C and H are
already part of our established descriptions. The real and complex numbers
appear essentially everywhere, while the quaternions are in fact realized in
the form of Lorentz transformations. It becomes an obvious question whether
the fundamental description of Nature also requires the last division algebra,
the octonions.
In this paper, we demonstrate that the structure of the complex octo-
nions can describe the 62 independent particles and anti-particles of the Stan-
dard Model, including their gauge structure and charge assignments while
incorporating minimal new degrees of freedom. We emphasize that our main
result is remarkably simple and understanding it requires no knowledge of
division algebras. Any reader familiar with linear algebra and representation
theory will be able to follow our work.
1.2. Previously established results
More concretely, the general idea is to identify the structures of the Standard
Model with the tensor product of all the normed division algebras,2
D = C⊗H⊗O, (1)
referred to as the Dixon algebra [22]. Following the program initiated by
Furey, we will treat C ⊗ H and C ⊗ O separately. Specifically this means
that we will consider some basis {εj} of the complex vector space C⊗H and
some basis {ea} of the complex vector space C⊗O. The vector space D will
then be spanned by the basis elements {εjea}={eaεj} with complex-valued
coefficients or, equivalently, by {εjea, iεjea} with real-valued coefficients.
2Note that the real numbers are also taken into account since a tensor product with R
does not alter the structure of the algebra and thus D = R⊗ C⊗H⊗O.
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It has already been shown that C⊗H contains all Lorentz representa-
tions present in the Standard Model [19, 22]. Furey furthermore suggests that
C⊗O will deliver the gauge structures, particle content, and charges. There-
fore D has the potential of providing a unified description of all Standard
Model representations, of both Lorentz and gauge groups.
Let us briefly elaborate on this in a bit more detail. The algebra C⊗H
contains the Lie algebra so(1, 3) of Lorentz transformations which generates
the Lie group SO(1,3). In addition, C ⊗H contains the Lorentz representa-
tions of covariant vectors, contravariant vectors, left- and right-handed Weyl
spinors, field strength tensors, and scalars. An additional feature is that,
in this algebra, left- and right-handed Weyl spinors are related simply by
complex conjugation, which is not the case when these objects are repre-
sented in spinor space [22]. Since the anti-particle of a right-handed particle
is left-handed, complex conjugation can here be interpreted as interchanging
particle and anti-particle states.3
Turning our attention to C⊗ O, we first note that this algebra is non-
associative. However, part of the octonions’ structure can be captured in
an associative algebra, as described in detail in [22, 30]. Explicitly, non-
associativity implies that if we take three elements a, b, c ∈ C⊗O the product
abc is ill defined, as generically (ab)c 6= a(bc). This ambiguity in the expres-
sion abc can be removed by demanding multiplication to always happen from
right to left,
abc f ≡ a(b(c(f))), ∀f ∈ O . (2)
This definition renders the expression abc well-defined and corresponds to
the composition of three maps a, b, c : C ⊗ O → C ⊗ O. The vector space
of all such maps, together with the operation of map composition, forms an
associative algebra, denoted C⊗←−O . Since there is good reason to believe that
Standard Model physics is described by associative algebras, Furey focusses
on the algebra C ⊗ ←−O , which captures the multiplicative structure of the
octonions.4
It can be shown that the algebra C ⊗←−O is isomorphic to the complex
Clifford algebra Cl(6) [23, 30]. In this Clifford algebra, Furey has success-
fully identified some of the Standard Model gauge structures using spinor
construction. In Ref. [21, 23], one full generation of leptons and quarks along
with their anti-particles are found. They are shown to transform appropri-
ately under the SU(3)×Uem(1) gauge groups which are also generated by el-
ements of the algebra. Weak-isospin states are identified but their full SU(2)
transformations are missing. In Ref. [20, 23], Furey finds 3 generations of
3In fact, complex conjugation will also flip the spin, such that the complex conjugate of a
right-handed Weyl spinor with spin up is a left-handed Weyl spinor with spin down.
4The associative algebra H, is isomorphic to the algebra of maps
←−
H ∼= H. Both
←−
O and
H are thus subalgebras of
←−
D ∼= C ⊗H ⊗
←−
O . Moreover,
←−
O is equivalent to the algebra of
adjoint actions on the octonions [30]. It follows that
←−
D is the algebra of adjoint actions on
D.
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Standard Model fermions and their anti-particles in correct SU(3) represen-
tations. However, this identification requires two separate su(3) Lie algebras.
There is no SU(2) gauge group and no Higgs particle. Hence, a full identi-
fication of the Standard Model gauge structures and representations inside
C⊗←−O is pending.
A remarkable result of Furey’s analysis is that, in the algebra C ⊗←−O ,
the electric charges emerge as eigenvalues of a number operator [21]. This
offers a straightforward explanation for the quantization of electric charge.
It is worth noting that similar ideas have been explored in other lit-
erature. The structure for quarks was first related to the split octonions in
Ref. [24, 25]. Ref. [32] found one generation of leptons and quarks, but without
SU(2) symmetry. In a different approach, Ref. [33] studied a larger algebra
which contains 3 copies of the octonions, one for each generation. For more
work on the relation of octonions and particle physics, see [34, 35, 36, 37,
38, 39, 40]. The octonion algebra has also been studied in the context of
M-Theory compactifications [41, 42].
2. Main Result
In all that follows, we will invoke a further isomorphism which is made ex-
plicit in appendix A.2. It allows us to make the identification C ⊗ ←−O ∼=
Cl(6) ∼= M(8,C). In other words, we will simply work with the familiar
algebra M(8,C) of 8×8 complex matrices and their matrix multiplication.
Therefore the reader only needs to know basic linear algebra (and some basic
representation theory) to understand the results of this paper.
2.1. Overview
M(8,C) is a complex vector space of 64 dimensions. As such, it can be spanned
by 64 independent basis elements. As mentioned already in the introduction,
ignoring Lorentz structures like chirality, the Standard Model contains 62
independent particle types. That is, one particle for each dimension of our
vector space, with only two new particle components.
We find that the vector space M(8,C) decomposes into a set of linearly
independent subspaces which can be assigned to the different particles of the
Standard Model. Specifically,5
M(8,C) = C ⊗
[
su(3) ⊕ su(2) ⊕ uY (1) ⊕ 3 ·
(
F3 ⊕ F3¯ ⊕ F1 ⊕ F1¯
) ⊕ Fφ ⊕ PBSM] .
(3)
5Note that there is an overall factor of C in this decomposition. By (1) the same complex
field enters into the Lorentz representations discussed in Appendix B. However, we are
here only focusing on a subalgebra of this tensor product, namely C ⊗ O. As such, we
cannot currently comment on any physical significance of the overall factor of C in the
decomposition. It is known, [19], that for vector fields such an overall C corresponds to the
combination of hermitian and anti-hermitian vectors in C⊗H.
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The first three subspaces correspond to the gauge fields which satisfy the
commutation relations dictated by their respective Lie algebras. The Fi sub-
spaces are shown to all transform as doublets under the group generated by
su(2). Under the group generated by su(3), F3 transforms as a triplet, F3¯ as
an anti-triplet, and F1, F1¯, Fφ as singlets. Carrying the correct uY (1) hyper-
charge, we identify the F3’s as quark colour triplets, F3¯’s as quark anti-colour
triplets, F1’s as leptons, F1¯’s as anti-leptons, and Fφ as the Higgs doublet.
The remaining space PBSM is a two-dimensional complex subspace of M(8,C),
linearly independent from the Standard Model particles, and thus a candidate
for new physics.
The algebra M(8,C) is extraordinarily simple and powerful. Each par-
ticle is identified with a basis vector and all gauge group representations are
linearly independent subspaces of the algebra. The gauge transformations
of particle representations simply correspond to the algebra acting on itself.
That is, all particles, gauge structures, and charge assignments of the Stan-
dard Model can be described purely in terms of a 64-dimensional matrix
algebra.
We emphasise that M(8,C) is the smallest matrix space which can in-
corporate the different particles of the Standard Model. This has some inter-
esting implications. For instance, the Standard Model with its gauge group
and particle content can be identified with M(8,C) if and only if it contains
no more than 3 generations of fermions.
While our approach is similar in spirit to GUTs, in that we seek a single
structure to explain the Standard Model, it has several advantages:
1. Our setup introduces a minimal amount of extra degrees of freedom,
namely two new particle types.
2. The number of (anti-)particles is identified with the dimension of the
algebra. In this sense, the algebra can explain the absence of a 4th
generation of fermions.
3. Gauge generators and particle representations are all elements of the
same algebra; gauge transformations of all fields are described by the
algebra acting on itself. Thus, at the level of M(8,C), there is no funda-
mental distinction between gauge bosons, fermions and the Higgs boson.
Their behaviour under gauge transformations is largely encoded in the
structure of the algebra.
4. The algebra M(8,C) is naturally part of a larger algebra,
←−
D , which also
includes the Lorentz structures of the Standard Model. Moreover, D
exhausts the set of all 4 normed division algebras.
There are additional appealing features of the algebra, like the simple re-
lationship between particles and anti-particles, which we will elaborate on
later.
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2.2. Technical summary
In the following we discuss in more detail how the space M(8,C) decomposes,
as per (3), into the particle content and gauge structure of the Standard
Model.
2.2.1. Choosing a basis of M(8,C). Let RI with I = 1, . . . , 8 be a complete
set of basis vectors of C8, chosen such that their inner product is6
RI
†RJ = δIJ . (4)
We furthermore define 8 vectors {V +a , V −a } with a = 0, . . . , 3 and express
them as linear combinations of the above basis vectors,
V ±a =
8∑
I=1
a±aIRI . (5)
The complex coefficients a±aI are chosen such that the V
±
a are linearly inde-
pendent and their inner products satisfy7
(V ±a )
†V ±b = δab , (V
±
a )
†V ∓b = 0 . (6)
Note that the vectors {V +a , V −a } form another orthonormal basis of C8.
Out of the basis vectors RI one can construct a basis MIJ of M(8,C)
using the outer product,
MIJ = RIR
†
J , I, J = 1, . . . , 8 . (7)
The independent particle types of the Standard Model will be identified with
62 linearly independent combinations of these basis elements.
2.2.2. Identification with particles. Using the basis vectors defined in the
previous subsection, we identify the Standard Model content of the algebra
M(8,C) as follows.
6These basis vectors also satisfy RI
∗¯ ≡
(
0 η
η 0
)
RI
∗ = RI+4, where η =
diag(1,−1,−1,−1). The ∗¯ is an operation in M(8,C) that corresponds to complex con-
jugation in C⊗
←−
O , as described in appendix A.2.
7Additionally, we will require that (V ±a )
∗¯ = V ∓a which implies
(
a+
aI
)∗
= a−
a(I+4)
.
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The SU(3) generators. The su(3) Lie algebra is spanned by the generators,
λ1 = R2 (R1)
†
+R1 (R2)
† −R6 (R5)† −R5 (R6)† ,
λ2 = iR2 (R1)
† − iR1 (R2)† + iR6 (R5)† − iR5 (R6)† ,
λ3 = R1 (R1)
† −R2 (R2)† −R5 (R5)† +R6 (R6)† ,
λ4 = R1 (R3)
†
+R3 (R1)
† −R5 (R7)† −R7 (R5)† ,
λ5 = iR3 (R1)
† − iR1 (R3)† + iR7 (R5)† − iR5 (R7)† ,
λ6 = R3 (R2)
†
+R2 (R3)
† −R7 (R6)† −R6 (R7)† ,
λ7 = iR3 (R2)
† − iR2 (R3)† + iR7 (R6)† − iR6 (R7)† ,
λ8 =
1√
3
[
R1 (R1)
†
+R2 (R2)
† − 2R3 (R3)† −R5 (R5)† − R6 (R6)† + 2R7 (R7)†
]
.
(8)
Using the orthonormality relations (4), it is easy to verify that these elements
indeed satisfy the su(3) commutation relations.
The U(1) generator. The hypercharge generator is given by,
Y = R8 (R8)
† −R4 (R4)† + 1
3
3∑
I=1
RI (RI)
† − 1
3
7∑
I=5
RI (RI)
†
. (9)
The SU(2) generators. The su(2) Lie algebra is spanned by the generators,
T1 =
3∑
a=0
V −a
(
V +a
)†
+ V +a
(
V −a
)†
,
T2 =
3∑
a=0
iV +a
(
V −a
)† − iV −a (V +a )† ,
T3 =
3∑
a=0
V +a
(
V +a
)† − V −a (V −a )† . (10)
As for su(3), the orthonormality relations (6) imply the desired su(2) com-
mutation relations.
The fermions. The 16 elements of M(8,C) which transform as one generation
of particles and antiparticles under the gauge groups correspond to{
RI
(
V ±a
)† ∣∣∣I = 1, ..., 8} , (11)
where the index a ∈ {1, 2, 3} labels the generation. The elements with I ∈
{1, 2, 3, 4} give the particle states while those with I ∈ {5, 6, 7, 8} give the
antiparticle states.
The Higgs. The 2 elements describing the Higgs doublet are{
R4
(
V ±φ
)† }
, (12)
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for a linear combination,
V ±φ =
3∑
a=0
h±a V
±
a , (13)
where h±a ∈ C, and (h+a )∗ = h−a with h±0 6= 0.
The transformation laws. We assign the SU(3) transformation property
K → eiλIK , (14)
for any λI in (8) and for all elements K in (11) and (12). Using (4) it is
easy to verify that the elements in (11) with index I ∈ {1, 2, 3} transform
as a SU(3) triplet, those with I ∈ {5, 6, 7} as an anti-triplet, and those with
I = 4, 8 as singlets. The elements in (12) transform as singlets as well.
For UY (1) we demand a similar transformation law,
K → eiYK , (15)
for all elements K in (11) and (12). We see that elements with I = 1, 2, 3
have charge 13 , those with I = 5, 6, 7 have charge − 13 , the element with I = 4
has charge −1, and that with I = 8 has charge 1. It can moreover be shown
that the hypercharge generator (9) commutes with all SU(3) generators in
(8).
Turning to SU(2), all elements K of (11) and (12) carry weak isospin
charge, denoted by the superscript ±. We demand that they transform as
follows under the SU(2) generated by (10) with k = 1, 2, 3,
K → KeiTk (16)
for I ∈ {1, 2, 3, 4}, and
K → K−iT ∗¯k (17)
for I ∈ {5, 6, 7, 8}. At this point it may seem strange that our SU(2) transfor-
mation is acting from the right, unlike the SU(3) and UY (1) transformations.
8
We will show later that not only is this natural, it is required in order for the
elements in (11) and (12) to have the correct transformation properties. As
discussed in detail in appendix C, this also implies that the action of SU(2)
commutes with those of SU(3) and U(1), even though the generators (10) do
not commute with (8) and (9).
Linear independence. The necessary and sufficient conditions for linear in-
dependence of (8)-(12) are(
a+01 a
+
02 a
+
03
)T 6∝ ((a+05)∗ (a+06)∗ (a+07)∗)T ,(
a+01 a
+
02 a
+
03
)T 6⊥ ((a+05)∗ (a+06)∗ (a+07)∗)T , h±0 6= 0 . (18)
Neither of the two C3 vectors above may be the zero vector.
8In fact, in the standard formulation of particle physics, such an action from the right
is not even well defined: Particles in the fundamental representation of the gauge group
are represented by column vectors and can only be acted upon by matrices from the left.
Here, the situation is different since all our particles correspond to elements of the matrix
algebra. Hence they can be multiplied by matrices both from the left and from the right.
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In addition we must pick the a+aI , for a ∈ {1, 2, 3}, such that the orthor-
mality relations in (6) are satisfied. The conditions (18), which are derived in
section 3.3, are very weak and still allow for a lot of freedom in choosing our
basis elements. In fact, the set of a±aI still contains 28 real parameters after all
conditions for orthogonality, conjugation and linear independence have been
imposed.
The linear independence of (8)–(12) provides the decomposition of the
algebra in (3). The two remaining linearly independent elements spanning
PBSM lying outside the Standard Model particle content.
3. Derivation
We will now show how to arrive at the linearly independent elements identi-
fied with the Standard Model particles in the previous section.
Let us begin by stating our basic assumptions. The matrices in M(8,C)
are just mathematical objects which a priori carry no physical meaning. It
is obvious that we need to invoke additional assumptions in order to make
a connection to particle physics. Thus, the following demands should be in-
terpreted as the way in which physical meaning is assigned to the algebra
M(8,C).
1.) 26 elements of M(8,C) will be assigned to the fermions and the Higgs
doublet. Each of these particle elements of the algebra has an associ-
ated anti-particle element with opposite charge assignments. The two
are related by complex conjugation, but do not necessarily describe in-
dependent particles.9
2.) Gauge transformations are described by letting the algebra act on itself.
For each factor in the Standard Model gauge group, we impose trans-
formation properties which are the same for all (anti-)particle states.
We will start with the first of these requirements and (more or less arbitrar-
ily) assign a set of 26 linearly independent elements of M(8,C) to all weak
isospin doublets of the Standard Model. In the second step, we impose uni-
versal gauge transformation laws for all our (anti-)particle states and thereby
identify the gauge generators.
3.1. Fermions and Higgs
Starting from the basis vectors introduced in section 2.2.1, consider the fol-
lowing elements of M(8,C),{
RI
(
V +a
)† ∣∣∣I = 1, ..., 4} . (19)
For a = 1, 2, 3, these will be identified with the fermions of the Standard
Model. As will become clear later, the “+” index denotes that the particles
9The complex conjugation here refers to complex conjugation in the Clifford algebra and
hence to the ∗¯ operator on M(8,C). This is discussed in detail in appendix A.2.
The Unified Standard Model 11
corresponding to these elements have weak isospin value “up”. Their com-
panion particles of weak isospin “down” are denoted by{
RI
(
V −a
)† ∣∣∣I = 1, ..., 4} . (20)
Hence the set of elements{
RI
(
V ±a
)† ∣∣∣I = 1, ..., 4} (21)
describes one generation of weak isospin doublets, where the generation is
labelled by a ∈ {1, 2, 3}.
Next we will assign SU(3) and UY (1) charges to these basis elements.
We choose, arbitrarily, to assign the SU(3) charges (red, green, blue) to I =
(1, 2, 3) respectively, and to make I = 4 a singlet of SU(3). For hypercharges
consistent with the Standard Model charge allocations we must then assign
the indices I = (1, 2, 3) a hypercharge of 13 and the index I = 4 a hypercharge
of −1.
Having described three generations of particles, we now identify their
respective anti-particles. Since we want particles and antiparticles to have
opposite electroweak charge and be related via the complex conjugation op-
eration ∗¯, we choose the vectors V ±a such that,(
V ±a
)∗¯
= V ∓a . (22)
We then have that, (
RI
(
V ±a
)†)∗¯
= (RI)
∗¯ (
V ∓a
)†
. (23)
Since particle and antiparticle states have different charges they must be
described by linearly independent basis vectors, (23) must be linearly inde-
pendent from (21). We thus demand our basis vectors to satisfy,
(RI)
∗¯
= RI+4. (24)
Then the antiparticle states corresponding to (21) are{
RI
(
V ∓a
)† ∣∣∣I = 5, ..., 8} . (25)
To summarize, each a ∈ {1, 2, 3} gives one full generation of particles and
antiparticles of the form,{
RI
(
V ±a
)† ∣∣∣I = 1, ..., 8} . (26)
Here, I = 8 denotes a singlet of SU(3) with hypercharge 1, and I = (5, 6, 7)
all have hypercharge − 13 with SU(3) charges (anti-red, anti-green, anti-blue)
respectively.
Next we turn to the Higgs doublet which must have the same charge
assignment as the SU(3) singlet of (21). This leads us to elements of the type{
R4
(
V ±φ
)† }
. (27)
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Here V ±φ are linear combinations of the V
±
a which must include V
±
0 for (27)
to be linearly independent from (26). The complex conjugate of (27) yields
another pair of elements, {
R8
(
V ∓φ
)† }
. (28)
While these have a charge assignment opposite to the Higgs particle, they
cannot be made linearly independent from the rest of the Standard Model
particle content. Hence the elements in (28) cannot describe an independent
particle. This means that our Higgs doublet does not have an independent an-
tiparticle state and only corresponds to the basis elements (27). This finding
matches the Standard Model: while the Yukawa interactions require both the
Higgs doublet and its conjugate, the same two complex parameters which de-
scribe the Higgs appear in the conjugate doublet (see, for instance, Ref. [43]).
Therefore, in the Standard Model the conjugate doublet does not provide an
independent particle, by construction. Conversely, in the algebra M(8,C) the
lack of an independent conjugate doublet is derivable, following directly from
the identification of particles as linearly independent basis elements.
3.2. The gauge generators
In this section we will impose the desired gauge transformation properties
of the particle states, (21) and (27). Before we begin, let us consider an
arbitrary gauge transformation, given by some operator O. We require this
transformation to commute with the complex conjugation ∗¯ which exchanges
particle and anti-particles. In other words, we would like particles and anti-
particles to obey the same transformation law. Then for any K in (21) or
(27), we must have that
(OK)∗¯ != OK ∗¯. (29)
In the following this will be used to restrict the form of our gauge generators.
3.2.1. SU(3) transformations. To derive the su(3) generators of transforma-
tions, let us consider again the fermionic particles in (21), which should span
an SU(3) invariant subspace. Hence, an SU(3) transformation acting on these
states should be of the form,
RI
(
V ±a
)† 7−→∑
J
cIJRJ
(
V ±a
)†
, (30)
with cIJ ∈ C. The transformation matrix itself will be a linear combination
of the full set of basis elements (7). These basis elements act on the fermionic
states as follows,
RKRJ
†RI
(
V ±a
)†
= δIJRK
(
V ±a
)†
. (31)
We can then deduce the form of SU(3) generators by demanding that their
action leaves the elements of (21) with I = 4 invariant. The most general
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expression satisfying this is,
λ¯I =
3∑
K,L=1
ΩIKLRK(RL)
† , ΩIKL ∈ C , I = 1, . . . , 8 . (32)
The coefficients ΩIJK are fixed by assigning the triplet charges to the index
I = 1, 2, 3 of our fermions. Then the λ¯I become maps between the different
colour charges, as desired.
The generators acting on the anti-particle states (25) can then be de-
rived by using (29). In order to ensure (OK)∗¯ = (eiλ¯I )∗¯K ∗¯ = e−iλ¯∗¯IK ∗¯ !=
OK ∗¯, the anti-particle SU(3) generators must be given by −λ¯∗¯I . Now, due to
(24), λ¯I and λ¯
∗¯
I are linearly independent. This seems problematic, as we wish
to have only one set of su(3) generators acting on both particle and anti-
particle states. However, we note that λ¯I and λ¯
∗¯
I commute and λ¯I annihilates
antiparticles while λ¯∗¯I annihilates particles under left multiplication. Thus we
may instead identify one set of generators given by,
λI = λ¯I − λ¯∗¯I , I = 1, . . . , 8 , (33)
which satisfies (29). This finally gives precisely the expressions in (8). Now,
eiλI correctly transform both particle and anti-particle states, and the gen-
erators λI will be the ones associated to the gauge field of su(3).
Note that the Higgs elements (27) and the corresponding complex con-
jugate elements are automatically invariant under these transformations, just
like the singlet states of (26).
The transformation properties of the particle states can be used to de-
rive the transformation properties of the gauge generators themselves. The
transformation properties and commutation relations of our generators are
discussed in detail in appendix C .
3.2.2. UY (1) transformations. Similarly to the SU(3) charges, hypercharges
are also assigned to the index I and thus the hypercharge transformation must
also act form the left. Since the UY (1) transformation does not transition
between colours, it must be constructed only out of elements of the form
RI(RI)
†, which takes the index I to the index I. Thus our hypercharge
generator must be of the form
Y =
8∑
I=1
yIRI(RI)
† , yI ∈ C , (34)
where the yI will be fixed by the charge assignments. We then arrive at the
following generator on particle states (21) and (27),
Y¯ = −R4 (R4)† + 1
3
3∑
I=1
RI (RI)
†
. (35)
When acting on anti-particle states (25) and (28) from the left, the hyper-
charge generator becomes −Y¯ ∗¯. Just as with the SU(3) generators, we then
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construct a combined generator which transforms both particle and antipar-
ticle states and satisfies (29),
Y = Y¯ − Y¯ ∗¯ = R8 (R8)† −R4 (R4)† + 1
3
3∑
I=1
RI (RI)
† − 1
3
7∑
I=5
RI (RI)
†
. (36)
Note that the hypercharge generator defined in this way automatically com-
mutes with the SU(3) generators. This is crucial since both the SU(3) and
UY (1) transformations are described by matrix multiplication from the left
and we need to be able to treat them as independent.
3.2.3. SU(2) transformations. Finally, we turn our attention to the SU(2)
transformations. Since there are currently no chiral structures present, there
is no notion of left and right-handed fermions. We will show that the particles
and anti-particle states which transform under SU(3) and UY (1) can also be
made to have consistent transformations under SU(2). To construct a SU(2)
with the appropriate chiral discrimination one needs to include projectors
from C ⊗H in the su(2) generators such that SU(2) only acts on left chiral
fermions. A similar procedure can be employed to yield chiral discrimination
of UY (1) hypercharges. This procedure is outlined in appendix D. Since the
focus of this present paper is only on gauge structures and not spatial repre-
sentations, a full decomposition of spatial and gauge components is left for
future work.
The operator of SU(2) transformations will transform any particle state
in (21) and (27) as,
RI
(
V ±a
)† 7−→ c+RI (V +a )† + c−RI (V −a )† , (37)
with c± ∈ C. Again we would like to express this operation in terms of matrix
multiplication of the elements. However, in this case we are forced to consider
right multiplication, as the elements in (21) and (27) with V +a and V
−
a are in
different left-invariant subspaces. Therefore, there is no matrix multiplication
on the left which could transition between weak-isospin ± states.
When acting with V ±a
(
V la
)†
on the particle states from the right, we
have that,
RI
(
V ±a
)†
V ±b
(
V lc
)†
= δabRI
(
V lc
)†
. (38)
where we have used (6). The SU(2) transformations should only affect the
± index and not the generation index a on V ±a . Thus, the SU(2) generators
must must not involve terms of the form V ±a V
±
b with a 6= b. Assigning the
index + to states with weak-isospin up and − to states with weak-isospin
down then fixes the generators to be precisely of the form (10).
Using (29) we find that when a particle state transforms as,
M 7−→MeiTj , j ∈ {1, 2, 3} , (39)
then the antiparticle state must transform as,
M ∗¯ 7−→M ∗¯e−iT ∗¯j , j ∈ {1, 2, 3} . (40)
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So far this is similar to what we saw for the SU(3) generators. However, while
λ¯I and λ¯
∗¯
I were linearly independent, the SU(2) generators satisfy,
T ∗¯1 = T1 T
∗¯
2 = T2 T
∗¯
3 = −T3. (41)
Thus we cannot build linear combinations of generators as we did for SU(3)
and UY (1). As a consequence, we must define the two separate matrix multi-
plications (16) and (17) for SU(2) transformations. Interestingly, this means
that SU(2) transformations of particle and anti-particle elements in M(8,C)
have the same form as Lorentz rotations of Weyl spinors in C⊗H, as detailed
in appendix B.
3.3. Linear independence
We now verify that all elements assigned to the 62 different particle types of
the Standard Model can be made linearly independent. We emphasise again
that as we are only looking at gauge structures appearing in C ⊗ ←−O ⊂ ←−D
we will consider only complex subspaces and their linear independence, as
distinguishing between real and complex parameters requires the inclusion of
Lorentz representations in C⊗H ⊂ ←−D .
The relevant subspaces are spanned by elements of the form:
Generations & anti-generations :
{
RI
(
V ±a
)† }8
I=1
with a = 1, 2, 3
(42a)
Higgs doublet :
{
R4
(
V ±φ
)† }
(42b)
SU(3) generators :
{
λI
}8
I=1
(42c)
SU(2) generators :
{
Tj
}3
j=1
(42d)
Hypercharge generator : Y (42e)
Note that by construction all generations and anti-generations are linearly
independent from each other. We now use that
V +0 =
8∑
I=1
aIRI , V
−
0 =
4∑
I=1
(aI+4)
∗RI +
8∑
I=5
(aI−4)
∗RI , (43)
where, for notational simplicity, we have renamed a+0I → aI . Our requirement
(22) fixes the coefficients in V −0 . Now, due to the orthogonality of the V
±
a
any element K in (42a) satisfies
KV ±0 = 0 . (44)
This observation provides us with a necessary and sufficient condition for any
linear combination S of elements in (42b)-(42e) to be linearly independent
both from each other and from (42a). Namely we must have that at least
one of SV +0 and SV
−
0 does not vanish. In order to achieve this, we simply
need to exclude those sets of {aI} for which there exists at least one linear
combination S such that SV ±0 = 0.
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To this end note that in the RI(RJ)
† basis we may write any complex
linear combination of su(3) generators in block-diagonal matrix form as
λ = Diagonal
{
M, 0,−MT, 0} (45)
where the zeros are just numbers and M is a general 3×3 complex traceless
matrix. We then write an arbitrary linear combination of (42b)-(42e) as
S = λ+ cjTj + d
+R4
(
V +φ
)†
+ d−R4
(
V −φ
)†
+ gY, (46)
with ci, d
±, g ∈ C. We now need to find those aI for which SV ±0 = 0 if and
only if λ = 0 and cj = d
± = g = 0.
Ensuring cj = d
± = g = 0. Let us define the two following vectors in C3,
a :=
(
a1 a2 a3
)T
, a¯ :=
(
a5 a6 a7
)T
. (47)
The equation SV +0 = 0 is equivalent to two vector and two scalar equations,
Ma+ (c1 + ic2) a¯
∗ +
(
c3 +
1
3
g
)
a = 0 , (48a)
−MTa¯+ (c1 + ic2) a∗ +
(
c3 − 1
3
g
)
a¯ = 0 , (48b)
(c1 + ic2) a
∗
8 + (c3 − g) a4 + d+
(
h+0
)∗
= 0 , (48c)
(c1 + ic2) a
∗
4 + (c3 + g) a8 = 0 . (48d)
Similarly, SV −0 = 0 gives,
Ma¯∗ + (c1 − ic2) a−
(
c3 − 1
3
g
)
a¯∗ = 0 , (49a)
−MTa∗ + (c1 − ic2) a¯−
(
c3 +
1
3
g
)
a∗ = 0 , (49b)
(c1 − ic2) a4 − (c3 + g) a∗8 + d−h+0 = 0 , (49c)
(c1 − ic2) a8 − (c3 − g) a∗4 = 0 . (49d)
From equations (48a) and (48b) we find that,
c3(a
Ta¯) = −1
2
(c1 + ic2)
(|a|2 + |a¯|2) , (50)
while equations (49a) and (49b) yield,
c3(a
†a¯∗) =
1
2
(c1 − ic2)
(|a|2 + |a¯|2) . (51)
Together we then have that,
c3|aTa¯|2 = 1
2
(|a|2 + |a¯|2) (ic1 Im(aTa¯)− ic2Re(aTa¯)) , (52)
and
c1Re(a
Ta¯) + c2 Im(a
Ta¯) = 0 . (53)
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Note that since V +0 and V
−
0 are orthogonal vectors, this implies that,
aTa¯ = −a4a8 . (54)
Using (52) in a8(48c) + a4(48d) and a
∗
4(49c) + a
∗
8(49d), we solve for c1 and
c2 as linear combinations of d
+ and d−. Then using (53) with these solutions
we find that,
|a8|2d+
(
h+0
)∗
a∗4 = −|a4|2d−h+0 a8 . (55)
On the other hand, taking the differences a8(48c) - a4(48d) and a
∗
4(49c) -
a∗8(49d) and using only (53), we find that,
|a8|2d+
(
h+0
)∗
a∗4 = |a4|2d−h+0 a8 . (56)
Together equations (55) and (56) hold if and only if any of the following are
true: a4a8 = 0, h
+
0 = 0, or d
+ = d− = 0. Clearly we must have h+0 6= 0
for the Higgs doublet to be linearly independent from the (anti-)generations.
Thus, in order for d+ = d− = 0 to be the only solution to SV ±0 = 0, we must
demand that a†a¯∗ = −a∗4a∗8 6= 0. In other words, we find the conditions,(
a1 a2 a3
)T 6⊥ (a∗5 a∗6 a∗7)T , h+0 6= 0 . (57)
Since c1 and c2 are linear combinations of d
+ and d−, they also both vanish.
Then (52) implies that c3 = 0, and equations (48c), (48d), (49c), and (49d)
imply g = 0, which hence does not need to be enforced separately.
Ensuring λ = 0. With cj = d
± = g = 0, the equations (48a)-(49d) reduce to
λV ±0 = 0. Writing any linear combination λ in terms of its generators as
λ = b1λ1 + b2λ2 + b3λ3 + b5λ5 + b6λ6 + b7λ7 + b8λ8 , bi ∈ C , (58)
we use the explicit form for λI in (8) and define the two matrices,
mS ≡

b3 + b8 b1 b4b1 b8 − b3 b6
b4 b6 −2b8

 , mA ≡

 0 −b2 −b5b2 0 −b7
b5 b7 0

 . (59)
It is straightforward to verify that the matrix equations λV ±0 = 0 are equiv-
alent to,
a , a¯∗ ∈ Kern(mS + imA) ∩Kern(mS − imA) . (60)
Here, Kern(S) denotes the kernel of S, and ∩ denotes the intersection of the
two kernels. This in turn implies,
a , a¯∗ ∈ Kern(mS) ∩Kern(mA) . (61)
It is easy to convince oneself that, since mS is a traceless symmetric matrix
and mA is antisymmetric, neither of them can have rank 1.
10 Hence, they
must have rank 3, 2 or 0. The matrices in (59) cannot both be trivial, because
this would imply λ = 0. If either of the matrices has rank 3 then λV ±0 6= 0 for
10If the symmetric matrix has has rank 1, it only has 1 non-vanishing eigenvalue and can
therefore not be traceless. For the antisymmetric matrix mA, this can also be seen by
noting that a rank-1 matrix can be written in terms of 2 vectors u and v as mA = uv
T.
But then antisymmetry implies uuT = 0 and thus u = 0.
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any V ±0 6= 0 and there is nothing left to show. This leaves us with the case
where at least one of the matrices has rank 2 and thus a kernel of dimension
1. Then for both vectors in (61) to be in both kernels, this implies that they
must be proportional a ∝ a¯∗, as neither vector may be the zero vector for
cj = d
± = g = 0.
Thus we find that the necessary and sufficient conditions for (42a)-(42e)
to be linearly independent are,(
a1 a2 a3
)T 6∝ (a∗5 a∗6 a∗7)T ,(
a1 a2 a3
)T 6⊥ (a∗5 a∗6 a∗7)T , h±0 6= 0 . (62)
Note that neither vector a nor a¯ may be the zero vector. This concludes the
analysis of linear independence and the derivation of our main result.
4. Discussion
In this paper we have explicitly demonstrated that the complexified octo-
nions, as the largest of the normed division algebras, have the potential to
incorporate the entire Standard Model particle content without requiring the
introducing new gauge groups. Our result extends previous works, as already
discussed in detail in section 1.2. To the best of our knowledge, we have
presented here for the first time a direct sum decomposition of the alge-
bra C ⊗←−O ⊂ ←−D which shows the gauge representations of the bosonic and
fermionic particles of the Standard Model. We also comment on how one may
include the algebra C⊗H to be able to simultaneously incorporate both left
and right handed fermions with appropriate symmetry transformations.
We stress that our result is not a derivation of the Standard Model,
but rather an identification of its particle content within the maps on the
complexified octonions. Further work is needed to determine whether the
Standard Model particle choice is unique within the algebra, or whether ad-
ditional assumptions need to be invoked in order to make the identification
unique. The automorphism group of the octonions is G2 and contains SU(3)
as a subgroup, implying that at least part of the Standard Model gauge
group is fundamental to the octonions themselves [22]. This suggests that a
derivation of the Standard Model particle content from the octonions may in-
deed be possible. This is highlighted by the work [24, 25] that studies quark
structures from the octonions. Additionally, recent developments, [39, 40],
use the exceptional Jordan algebras, formulated in terms of sets of octonions,
as an approach to deriving both the Standard Model gauge groups and sets
of generations.
It could be enlightening to translate our result into the the Clifford
algebra formulation, using the isomorphism Cl(6) ∼= M(8,C). We discuss the
basic ingredients of this formalism in appendix A.1 and the isomorphism in
A.2. This would allow for a more direct comparison to the works in Ref. [20,
21, 22, 23] and possibly make certain features of our result more apparent.
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Nevertheless, we emphasize once more that one of the advantages of working
with the matrix algebra M(8,C) is its mathematical simplicity.
The decomposition of M(8,C) as per (3) highlights the existence of 2
elements which do not belong to the Standard Model. Consequently the ad-
ditional components, lying in the space PBSM, are ideal candidates for new
particles beyond the Standard Model. Since we only require the space PBSM
to be linearly independent from the Standard Model particles (and not or-
thogonal) it is currently not clear how to unequivocally assign gauge repre-
sentations to these additional elements. Nevertheless, we expect them to be
SU(3) singlets since there is no third element present to fill up another triplet
representation. It would be very interesting to further investigate the nature
of the additional particles and determine whether there is a chance to observe
them experimentally. A better understanding of their physical properties is
also required in order to understand their possible effects on areas beyond
particle physics, e.g. cosmology.
We emphasize that including the spacetime structures described by
C⊗H is necessary for a precise identification of the Standard Model includ-
ing Lorentz representations. In order to address questions involving Lorentz
structures (e.g. why left handed fermions transform as doublets of the weak
SU(2) gauge group while right handed fermions are singlets), one has to
study the full algebra
←−
D [22]. Eventually, this may also offer more insight
into the particle nature of PBSM and we leave these interesting investigations
for future work.
When investigating the full Dixon algebra
←−
D , there is a fundamental
difference between the sub-algebras C⊗H and C⊗←−O ∼= M(8,C). In M(8,C) we
identified the Lie algebras generating the Standard Model gauge group GSM.
We then constructed subspaces transforming in fundamental representations
of GSM. These subspaces are linearly independent from each other and from
the Lie algebra. The situation is different for Lorentz representations in C⊗H.
As discussed in appendix B, the Lie algebra so(1, 3), as a complex vector
space, is spanned by 3 basis elements. On the other hand, left- and right-
handed Weyl spinors each span a complex 2-dimensional subspace of C ⊗
H. Since C ⊗ H has only 4 complex dimensions, the Lie algebra of Lorentz
transformations and the space of Lorentz representations are not linearly
independent. This distinction may be crucial for a consistent formulation
of the Standard Model within
←−
D , incorporating both Lorentz and gauge
structures.
We end the discussion by commenting on the obvious fact that our
present approach does not include gravitational degrees of freedom. At this
stage, it is not clear whether the Lorentz structures inside C ⊗ H require a
field theory formulation in flat spacetime. In fact, it is also possible that they
are related to the local Lorentz symmetry present in the tetrad formulation
of General Relativity. These are interesting open question to pursue in the
future.
20 Brage Gording and Angnis Schmidt-May
Acknowledgements. This work is supported by a grant from the Max-Planck-
Society.
The Unified Standard Model 21
Appendix A. The matrix algebra M(8,C)
A.1. The Clifford algebra Cl(6)
We briefly review basic properties of the 6-dimensional Clifford algebra. All
basis elements of the space Cl(6) can be generated by two sets of vectors
{αi}3i=1 and {α†i}3i=1, where hermitian conjugation † is an anti-automorphism,
implying i∗ = −i and α∗ = −α†. These generating vectors satisfy the anti-
commutation relations,
{αi, α†j} = δij , {αi, αj} = 0 , {α†i , α†j} = 0 . (63)
We will here not work with the elements of the generating space, but rather
with the full set of basis elements which span the space Cl(6). To this end
we define ω := α1α2α3 and the projectors
P0 := ω
†ω , Pi := αiω
†ωα
†
i . (64)
Let moreover P¯a := P
∗
a for all a ∈ {0, 1, 2, 3}. It follows from (63) that ω
is annihilated by right or left action of any αi. The projector P0 was used
in [22] to find the Standard Model structure associated to one generation of
fermions, but to our knowledge this is the first use of the projections Pi.
The above 8 projectors are linearly independent and split our space
into 8 complex linearly independent subspaces. Specifically, each one of these
projectors will define a left ideal. The space
←−−−−
C⊗OPb can then be spanned
by 8 linearly independent basis vectors,
Bab := αaω
†ωα
†
b; Aab := α
†
aωα
†
b a ∈ {0, 1, 2, 3} . (65)
The basis vectors which span
←−−−−
C⊗OP ∗b are found by taking the complex
conjugate of (65), which we will denote by
B¯ab := α
†
aωω
†αb A¯ab := αaω
†αb a ∈ {0, 1, 2, 3} . (66)
This provides a compact way of writing all basis elements of Cl(6) in terms
of Bab, B¯ab, Aab, A¯ab.
A.2. Cl(6) ∼= M(8,C)
We will now demonstrate that Cl(6) is isomorphic to the algebra of 8 ×
8 complex matrices M(8,C). Clearly the vector spaces over which the two
algebras are defined are isomorphic by virtue of having the same dimension.
We thus only need to show that the Clifford product in Cl(6) is identified
with the matrix product in M(8,C).
Let {MIJ} be a basis of M(8,C). We take one of their matrix entries to
be equal to 1 (in the Ith row and Jth column), while all other entries are zero.
A general matrix F in M(8,C) can then be written as F =
∑
I,J F
IJMIJ .
The matrix product expressed in this basis reads,
FH =
∑
I,L
(∑
J
F IJHJL
)
MIL . (67)
22 Brage Gording and Angnis Schmidt-May
Next we identify the basis MIJ with the basis elements of Cl(6) via
MIJ ←→


B(I−1)(J−1) for I, J ∈ {1, 2, 3, 4}
A(I−5)(J−1) for I ∈ {5, 6, 7, 8}, J ∈ {1, 2, 3, 4}
A¯(I−1)(J−5) for I ∈ {1, 2, 3, 4}, J ∈ {5, 6, 7, 8}
B¯(I−5)(J−5) for I, J ∈ {5, 6, 7, 8}
(68)
Under this identification, we can evaluate the Clifford algebra product of two
basis elements and obtain,
MIJMKL = δJKMIL . (69)
This reproduces precisely the standard matrix product of M(8,C) in (67).
Hermitian conjugation of elements of Cl(6) correspond to the usual her-
mitian conjugation of matrices in M(8,C). Thus we will not distinguish be-
tween hermitian conjugation in the two algebras and label both the operations
by †. Specifically, for any M ∈ M(8,C) we have that M † := (M∗)T where T
is the matrix transpose. The situation is different for the operation of com-
plex conjugation. Due to the Clifford algebra property α∗ = −α†, complex
conjugation acts on the Cl(6) basis elements (65) and (66) as,
(Bab)
∗ =
∑
c,d
ηacB¯cdηdb , (Aab)
∗ =
∑
c,d
ηacA¯cdηdb , (70)
where η is a diagonal matrix with entries {1,−1,−1,−1}.11
From (68) and (70), it is clear that, in the matrix representation, com-
plex conjugation necessarily affects the index structure. Namely, matrices
M ∈ M(8,C) satisfy,
M ∗¯ :=
(
0 η
η 0
)
M∗
(
0 η
η 0
)
, (71)
where, in order to distinguish complex conjugation in the two algebras, we
have introduced the symbol ∗¯ to denote Cl(6) complex conjugation in the
matrix representations. We continue to use ∗ to denote the conjugation of
complex numbers.
As our matrix space can be written as the outer product of two vector
spaces C8, this implies that, for any V ∈ C8, we have that,
V ∗¯ ≡
(
0 η
η 0
)
V ∗. (72)
In assigning basis elements of Cl(6) to Standard Model particle types we
use the matrix representation M(8,C). This simplifies the analysis of linear
independence and makes the paper more accessible to readers less familiar
with Clifford algebras. However, we stress that we need properties, like the
complex conjugation ∗¯, associated to the complex Clifford algebra Cl(6). The
latter is isomorphic to the more fundamental structure C⊗←−O .
11Even though η is the same as the Minkowski metric in Cartesian coordinates, this is just
an artefact of how we chose to represent our basis elements, and not related to Lorentz
transformations.
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Appendix B. Lorentz structures in C⊗H
We briefly outline in which way the complex quaternions
←−−−−
C⊗H = C ⊗ H
contain the Lorentz representations of the Standard Model. For details, see
Ref. [22]. The basis elements of this algebra are {1, i, εx, iεx, εy, iεy, εz, iεz},
where {εx, εy, εz} anti-commute and satisfy
εxεy = εz , εyεz = εx , εzεx = εy , ε
2
i = −1 . (73)
The unit scalar, 1, and the unit imaginary, i, commute with all other elements
of the algebra. Hermitian conjugation † can be defined on the algebra as an
anti-automorphism which maps εj → −εj and i→ −i.
The above basis is useful for showing that C⊗H contains the Lie algebra
so(1, 3) of Lorentz transformations. εj generates rotations and iεj generates
boosts. The same algebra contains Lorentz spinors and their transformations
are described by letting the algebra act on itself. To see this, it is convenient
to work with the basis vectors,
ε↑↑ :=
1
2
(1− iεz) , ε↓↓ := 1
2
(1 + iεz) ,
ε↓↑ :=
1
2
(εy + iεx) , ε↑↓ :=
1
2
(−εy + iεx) . (74)
This basis satisfies,
ε2↑↑ = ε↑↑ , ε
2
↓↓ = ε↓↓ , ε
2
↑↓ = ε
2
↓↑ = 0 . (75)
Defining P := ǫ↑↑, left and right handed spinors correspond to the following
subspaces,
ΨL ∈ (C⊗H)P , ΨR ∈ (C⊗H)P ∗ . (76)
Hence, ǫ↑↑ and ǫ↓↓ are projectors related by complex conjugation. Left and
right handed Lorentz transformations of these spinors are defined as,
ΨL → eisΨL , ΨR → e−is
∗
ΨR , (77)
for s ∈ so(1, 3) spanned by the elements εj and iεj. Then a general spinor
behaves under Lorentz transformations as,
Ψ→ eisΨP + e−is∗ΨP ∗. (78)
Additionally within the algebra one can find scalar, vector, and field strength
representations, as further elaborated on in Ref. [22].
Appendix C. Gauge transformations
C.1. Commuting transformations
Here we discuss general conditions for gauge transformations acting on states
such as (11) and (12) to commute. Let us consider two gauge groups G and
G′ and denote their gauge transformations by the operators OG and OG′ .
Then let some element Ψ transform under these gauge groups as,
Ψ→ OGΨ , Ψ→ OG′Ψ . (79)
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If both of the operators are represented by matrix multiplication from the
left, then,
OGΨ = eiλΨ , OG′Ψ = eiλ
′
Ψ , (80)
where λ and λ′ are generators in the Lie algebras of G and G′. When these
transformations arise from entirely independent gauge groups, they should
commute,
eiλeiλ
′
Ψ
!
= eiλ
′
eiλΨ . (81)
This holds if and only if the generators λ and λ′ commute. For instance, in
our present setup, the generators of UY (1) and SU(3) commute, and so do
their gauge transformations on all particle states.
On the other hand, suppose now that the transformations corresponding
to the group G are represented by matrix multiplication from the left and
those of G′ are represented by matrix multiplication from the right,
OGΨ = eiλK OG′Ψ = Ψeiλ
′
. (82)
In this case, as long as one works with an associative algebra, it does not
matter which action is carried out first since,
eiλ
(
Ψeiλ
′
)
=
(
eiλΨ
)
eiλ
′
, (83)
always holds true. Hence, requiring gauge transformations to commute puts
no constraints on the generators λ and λ′.
C.2. Transformations of generators
Next let us see how gauge transformations act on generators that do not
commute with each other. For definiteness, let us take the gauge group to
be G =SU(N). Let Ψ be a state in the fundamental representation of G. A
generator λ ∈ su(N) then takes Ψ to a different state Ψ˜ via the infinitesimal
transformation,
(1 + iλ)Ψ = Ψ˜ . (84)
Consider then also Ψ′ and Ψ˜′ obtained via another, finite transformation
generated by λ′,
Ψ′ = eiλ
′
Ψ , Ψ˜′ = eiλ
′
Ψ˜ . (85)
We can now derive the generator λ˜ which infinitesimally relates the states Ψ′
and Ψ˜′. Combining (84) and (85), one arrives at,
Ψ˜′ −Ψ′ = iλ˜Ψ′ = i
(
eiλ
′
λe−iλ
′
)
Ψ′ . (86)
Of course this derivation is well-known and shows that elements λ of the Lie
algebra su(N) transform in the adjoint representation of the gauge group.
We will use the same method to derive how the SU(2) generators Ti in
our setup (which do not commute with the elements λI of su(3)) transform
The Unified Standard Model 25
under the SU(3) transformations. A particle state Ψ is infinitesimally related
to Ψ˜ with different SU(3) and SU(2) charges via,
Ψ + iλIΨ+ iΨTi = Ψ˜, (87)
Consider then a finite SU(3) transformation generated by λ′ that produces
the states Ψ′ = eiλ
′
Ψ and Ψ˜′ = eiλ
′
Ψ˜, Following the same procedure as
above, we find,
Ψ˜′ −Ψ′ = ieiλ′λIe−iλ
′
Ψ′ + iΨ′Ti . (88)
This shows that, even though they do not commute with each other, the SU(2)
generators do not transform under SU(3) transformations because they are
not acting on states from the same side. It is easy to show that by the same
argument the SU(3) generators and the UY (1) generator are invariant under
SU(2) transformations. We conclude that all gauge generators transform only
under their own gauge group, in the adjoint representation, as expected.
Appendix D. Right Handed Representations
We here show explicitly how one may accommodate right handed gauge rep-
resentations in the set-up provided here. To do so we first start by discussing
the discrimination of the SU(2) transformations on different matrix elements.
The SU(2) transformations presented in (16) and (17) clearly act differ-
ently on matrix elements RI(V
±
a )
† depending on whether I ∈ {1, 2, 3, 4} or
I ∈ {5, 6, 7, 8} respectively. We could incorporate such a discrimination at the
level of the generators by defining projectors that single out these relevant
matrix subalgebras. To do so define simultaneous multiplication on M(8,C)
from the left by X and from the right by Y , for some X,Y ∈ M(8,C), as the
operation X |Y . Explicitly, for any K ∈M(8,C), (X |Y )K := XKY . Defining
the projectors
R :=
4∑
I=1
RI(RI)
† (89)
R¯ := R∗¯ =
8∑
I=5
RI(RI)
† (90)
we can then describe the SU(2) transformations via operators
Tˆj := R|Tj − R¯|T ∗¯J (91)
such that (16) and (17) can collectively be written as
K → eiTˆjK (92)
for any K ∈(11).12
12Note that this is also the case for the su(3) generators. However since SU(3) transforma-
tions act from the left and commute with the projectors R and R¯ this would imply that
defining similar operators λˆI := Rλ¯I |1 − R¯λ¯
∗¯
I
|1 =
(
λ¯I − λ¯
∗¯
I
)
|1 = λI |1, where we have
used λ¯I as defined in (32).
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This idea can be extended further when we consider spatial represen-
tations by ensuring that only left handed particles and right handed anti-
particles transform under SU(2). In this case, using the projectors P and P¯
introduced in appendix B, we would write operators
Tˆ ′j := (R|Tj)P −
(R¯|T ∗¯J )P ∗, (93)
and SU(2) transformations via operators
eiTˆ
′
j . (94)
For UY (1) transformations we may also describe the action of left vs.
right handed fermions via projectors. Here the story is quite similar, but
with a small twist. Note that for left handed fermions, the hypercharge is
the average of the electric charges of the SU(2) doublet. As such defining a
matrix element
Q := −R4(R4)† − 1
3
3∑
I=1
RI(RI)
† − 2
3
7∑
I=5
RI(RI)
†, (95)
it is clear that
Y ≡ Q−Q∗¯ (96)
Now, define projectors
V :=
∑
a
V −a (V
−
a )
† (97)
V¯ := V ∗¯ =
∑
a
V +a (V
+
a )
†, (98)
in the same way we defined the projectorsR and R¯. It is then straight forward
to verify that the operator
Yˆ :=
(
(Q−Q∗¯)|1)P + (Q|V −Q∗¯|V¯)P ∗ (99)
yields the correct hypercharge assignments for both left and right handed
fermions, all from application of Q and its complex conjugate. This is similar
to how we obtain the correct SU(2) transformations from application of Tj
and their complex conjugates.
While we here detail an approach for how the correct Standard Model
charges may be incorporated for both left and right handed fermions, it is
clear that the use of projectors as introduced here is ad-hoc and not natural.
However, it is the purpose of this paper only to show that the structure
of C ⊗ ←−O when used as a subset of ←−D may describe all Standard Model
gauge representations, as presented here. Studies of the full
←−
D where the
Lorentz structures are included explicitly, and thus any questions regarding
the natural appearance of the Standard Model structures, is left to future
work.
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